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Equation: xdx+ (y + 1)dy = 0
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Solutions

General: The function f(x) is such that x2+(f(x)+1)2 = C, where C is a constant
(here C = 4).
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Equation: x2(1 + y)dx+ (x3 − 1)(y − 1)dy = 0
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Solutions

General: f(x) is such that 1
3 ln

∣∣x3 − 1
∣∣+ f(x)− 2 ln |f(x) + 1| = C (here C = 1)

Particular: g(x) = −1 for x 6= 1,
h(y) = 1 for y 6= −1.
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Equation: 2y
√
by − y2dx− (b2 + x2)dy = 0
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Solutions

General: f(x) = b

(C−arctan x
b )

2
+1

for x such that C − arctan x
b > 0

(here b = 4 and C = 2, so x ∈ R),

Particular: g(x) = 0,
h(x) = b (singular solution).
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Equation: 2x2 dy
dx

= y
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Solutions

General: f(x) = Ce−
1
2x for x 6= 0 (here C = 2),

Particular: g(x) = 0 for x 6= 0,
h(y) = 0 for y 6= 0.
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Equation: x2 dy
dx

+ y − a = 0
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Solutions

General: f(x) = a− Ce
1
x , where C 6= 0 (here a = 3 and C = 2),

Particular: g(x) = a for x 6= 0,
h(y) = 0 for y 6= 0.
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Equation: xy = (a+ x)(b+ y)
dy
dx
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Solutions

General: f(x) is such that x− f(x) + C = ln |f(x)|b + ln |x+ a|a
(here a = 2, b = 2, C = 0).

Particular: g(x) = 0 for x 6= −a,
h(y) = −a for y 6= 0.
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Equation: x− y2 + 2xy
dy
dx

= 0

x

y

h(y)

f(x)

−5 −4 −3 −2 −1 1 2 3 4 5

−5

−4

−3

−2

−1

1

2

3

4

5

Solutions

General: f(x) is such that f(x)2

x + ln |x| = C for x 6= 0 (here C = 1),

Particular: h(y) = 0 for y 6= 0.
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Equation:
dy
dx

= x+ y + 3
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Solutions

General: f(x) = Cex − x− 4, where C 6= 0 (here C = 1
4),

Particular: g(x) = −x− 4.
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Equation:
dy
dx

= 3x− 2y + 1
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Solutions

General: f(x) = Ce−2x + 3
2x−

1
4 , where C 6= 0 (here C = −2),

Particular: g(x) = 3
2x−

1
4 .
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Equation:
dy
dx

= 5x− 3y + 7
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f(x)g(x)
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Solutions

General: f(x) = Ce−3x + 5
3x−

2
9 , where C 6= 0 (here C = −1

4),

Particular: g(x) = 5
3x−

2
9 .
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Equation:
dy
dx

= sin (x− y)
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y
g(x)
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Solutions

General: f(x) = x− 2 arctan
(

2
C−x + 1

)
, where x 6= C (here C = 1),

Particular is of the form y = x− π
2 + 2kπ, where k ∈ Z, hence

g(x) = x+ 3π
2 ,

h(x) = x− π
2 ,

i(x) = x− 5π
2 .
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Equation: y′ =
y

x
ln
y

x
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i(x)

−5 −4 −3 −2 −1 1 2 3 4 5

−5

−4

−3

−2

−1

1

2

3

4

5

Solutions

General: f(x) = xeCx+1, where C, x 6= 0 (here C = 1
4),

Particular: g(x) = 0 for x 6= 0,
h(y) = 0 for y 6= 0,
i(x) = ex for x 6= 0.
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Equation:
dy
dx

=
x+ y

x− y
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Solutions

General: f(x) is such that
√
x2 + f(x)2 = Cearctan

f(x)
x , where C > 0, or in polar

coordinates r = Deϕ (here D = −1
2)
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Equation: x
dy
dx

= x+ y
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Solutions

General: f(x) = x ln (Cx), where C 6= 0 (here C = 1
4),

Particular: h(y) = 0 for y 6= 0.
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Equation: y′
√
x =
√
y − x+

√
x

x
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h(y)

i(x)

g(x)
f(x)
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Solutions

General: f(x) is such that
(√

x−
√
f(x)− x

)2
= C, where C > 0, (here C = 1

2),

Particular: g(x) = x for x > 0 (singular solution),
h(y) = 0 for y > 0,
i(x) = 2x for x > 0.
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Equation: (y +
√
xy)dx = xdy,
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Solutions

General: f(x) = 1
4x ln (C |x|), where C > 0 and x 6= 0, (here C = 1

4),

Particular: g(x) = 0 for x 6= 0 (singular solution),
h(y) = 0 for y 6= 0.
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xy′ =
√
x2 − y2 + y
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fII(x)

−5 −4 −3 −2 −1 1 2 3 4 5

−5

−4

−3

−2

−1

1

2

3

4

5

Solutions

General: fI(x) = x sin (lnCx), where 1
C e
−π

2 ≤ x ≤ 1
C e

π
2

and C > 0, (here C = 1
4),

fII(x) = x sin (− lnDx), where 1
De

π
2 ≤ x ≤ 1

De
−π

2

and D < 0, (here D = −1
4),

Particular: g(x) = −x for x 6= 0 (singular solution),
h(x) = x for x 6= 0 (singular solution).
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Equation: (y + 2)dx = (2x+ y − 4)dy
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Solutions

General: f(x) is such that C(f(x) + 2)2 = f(x) + x− 1 (here C = 1
4),

Particular: g(x) = 1− x for x 6= 3,
h(y) = −2.
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Equation: y′ − xy = 1
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Solutions

General: f(x) =
(
C +

∫
e−

1
2
x2

dx
)
e

1
2
x2

, (here C = − 1
10).
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Equation: (x− 2xy − y2)dy + y2dx = 0
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Solutions

General: f(y) = y2 + Cy2e
1
y (here C = 1),

Particular: g(x) = 0 for x 6= 0.
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Equation: y′ + y = x+ 1
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Solutions

General: f(x) = x+ Ce−x (here C = 1
10).
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Equation: yy′ = 1
2(x2 + y2)
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Solutions

General: f(x) is such that f(x)2 = Cex − x2 − 2x− 2 (here C = 10).
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Equation: (x3 + y + 1)dy − 3x2dx = 0
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Solutions

General: f(y) = 3
√
−y − 2 + Cey, where C 6= 0, (here C = 1).
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Equation:
xy′
√
y

= 4
√
y + 2x2
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Solutions

General: f(x) is such that
√
f(x) = x2 (ln |x|+ C), where x 6= 0, (here C = 0),

Particular: g(x) = 0 for x 6= 0 (singular solution),
h(y) = 0 for y > 0.
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Equation: (x3 − y)dx+ (x2y + x)dy = 0
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Solutions

General: f(x) is such that x(f(x)2 +x2)+2f(x) = Cx, where C 6= 0, (here C = 6),

Particular: h(y) = 0 for y 6= 0.
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Equation: y′ = −y2 + 1 + x2
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Solutions

General: f(x) = x+ e−x
2

C+
∫
ex2dx

(here C = 1),

Particular: g(x) = x.
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Equation: y′ = y2 − xy − x
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Solutions

General: f(x) = x+ 1 +
(
e

1
2
x2+2x

)(
−
∫
e

1
2
x2+2xdx+ C

)−1

(here f(x) is such that f(0) = 1),

Particular: g(x) = x+ 1.
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Equation: y′ + y2 = − 1
4x2
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Solutions

General: f(x) = 1
x lnC|x| +

1
2x (here C = 1

4),

Particular: g(x) = 1
2x for x 6= 0,

h(y) = 0 for y 6= 0.
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Equation: xy′ = x2y2 − y + 1
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f(x)
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Solutions

General: f(x) = 1
x tan (x+ C), where −C − π

2 < x < −C + π
2 ,

(here C = 1),

Particular: h(y) = 0 for y 6= 1.
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Equation: y′ = y2 − 2x2y + x4 + 2x+ 4
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Solutions

General: f(x) = x2 + 2 tan(2x+ C), where −C
2 −

π
4 < x < −C

2 + π
4 ,

(here C = −2).



31

Equation: y = 2xy′ − y′2
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Solutions

General: x(p) = 2
3p+ C

p2
and y(p) = p2

3 + 2C
p (here C = 1),

Particular: g(x) = 3
4x

2,
h(x) = 0.
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Equation: y = 2xy′ +
1
y′2
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Solutions

General: x(p) = − 2
p3

+ C
p2

and y(p) = − 3
p2

+ 2C
p (here C = 3).
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Equation: y = 2xy′ +
1
2
x2 + y′2
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Solutions

General: f(x) = −1
4x

2 + Cx+ C2 (here C = 1),

Particular: g(x) = −1
2x

2 (singular solution).
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Equation: y = xy′ + y′2
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Solutions

General: f(x) = Cx+ C2 (here C = 1),

Particular: g(x) = −1
4x

2 (singular solution).
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Equation: y = xy′ − y′2
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Solutions

General: f(x) = Cx− C2 (here C = 1),

Particular: g(x) = 1
4x

2 (singular solution).
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Equation: y = xy′ + y′ − y′2
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Solutions

General: f(x) = Cx+ C − C2 (here C = 1),

Particular: g(x) = 1
4(x+ 1)2 (singular solution).
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Equation: (x3 + xy2)dx+ (x2y + y3)dy = 0
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Solutions

General: f(x) is such that x4 + 2x2f(x)2 + f(x)4 = C.
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Equation: (2xy − 1)dx+ (3y2 + x2)dy = 0
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Solutions

General: f(x) is such that −x+ x2f(x) + f(x)3 = C (here C = −10).
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Equation:

(
2x
y

+
y2

x2
+ y − 1

)
dx+

(
−x

2

y2
− 2y

x
+ x+ 1

)
dy = 0
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y
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Solutions

General: f(x) is such that x2

f(x) −
f(x)2

x + (x+ 1)(f(x)− 1) = C.
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Equation: (x2 + y)dx− xdy = 0
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Solutions

General: f(x) = x2 − Cx (here C = 4),

Particular: h(y) = 0 for y 6= 0.
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Equation:
(√

x2 − y + 2x
)

dx− dy = 0

x

y

f(x)g(x)
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Solutions

General: f(x) = 3
4x

2 + Cx− C2 (here C = 1),

Particular: g(x) = x2 (singular solution).
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Equation: x2y3 + y + (x3y2 − x)y′ = 0

x

y
f(x)

g(x)
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Solutions

General: f(x) is such that x2f(x)2 + 2 ln x
f(x) = C (here C = 3),

Particular: g(x) = 0 for x 6= 0.
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Equation: y′′ − y′ = 0
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f(x)
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Solutions

General: f(x) = C1 + C2e
x, where Ci ∈ R for i = 1, 2

(here C1 = 2, C2 = 1
5).
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Equation: y′′ + y = 0
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Solutions

General: f(x) = C1 sinx+ C2 cosx, where Ci ∈ R for i = 1, 2
(here C1 = 1, C2 = −2).



45

Equation: y′′ + y = sinx+ cos 2x
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Solutions

General: f(x) = −1
2x cosx− 1

3 cos 2x+ C1 cosx+ C2 sinx,
where Ci ∈ R for i = 1, 2, (here C1 = C2 = 1).
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Equation: y′′ + 4y =
1

cos 2x
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Solutions

General: f(x) = C1 cos 2x+C2 sin 2x+ 1
4 (ln |cos 2x|) cos 2x+ 1

2x sin 2x, where Ci ∈
R for i = 1, 2, (here C1 = 1, C2 = 1).
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Equation: y′′ − y′ = ex + e2x + x
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Solutions

General: f(x) = xex + 1
2e

2x − x
(

1
2x+ 1

)
+ C1 + C2e

x,
where Ci ∈ R for i = 1, 2 (here C1 = 1, C2 = −4).
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Equation: y′′ − 4y = ex [(−4x+ 4) cosx− (2x+ 6) sinx]
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Solutions

General: f(x) = ex (x cosx+ sinx) + C1e
2x + C2e

−2x,
where Ci ∈ R for i = 1, 2 (here C1 = −1

5 , C2 = − 1
10).
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Equation: y′′ + y = ex
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Solutions

General: f(x) = C1 cosx+ C2 sinx+ 1
2e
x,

where Ci ∈ R for i = 1, 2 (here C1 = 1, C2 = −2).
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Equation: y′′ + y = 2 sinx− cosx
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General: f(x) = −x
(
cosx+ 1

2 sinx
)

+ C1 cosx+ C2 sinx,
where Ci ∈ R for i = 1, 2 (here C1 = −1

2 , C2 = −1
2).
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Equation: y′′′ − 8y = 0
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Solutions

General: f(x) = C1e
2x + e−x

(
C2 cos

√
3x+ C3 sin

√
3x
)
,

where Ci ∈ R for i = 1, 2, 3, (here C1 = C2 = C3 = 1
10 |.
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Equation: y′′′ − y′′ = 0
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Solutions

General: f(x) = C1 + C2x+ C3e
x, where Ci ∈ R for i = 1, 2, 3,

(here C1 = −4, C2 = −1
4 , C3 = 1

4).
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Equation: y′′′ + 3y′ − 4y = 0

x

y

f(x)

−5 −4 −3 −2 −1 1 2 3 4 5

−5

−4

−3

−2

−1

1

2

3

4

5

Solutions

General: f(x) = C1e
x + e−

1
2
x
(
C2 cos

√
15
4 x+ C3 sin

√
15
4 x
)
,

where Ci ∈ R for i = 1, 2, 3, (here C1 = C2 = C3 = 1
10).
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Equation: x2y′′ − 2xy′ + 2y = 0

x

y

f(x)

−5 −4 −3 −2 −1 1 2 3 4 5

−5

−4

−3

−2

−1

1

2

3

4

5

Solutions

General: f(x) = C1x+ C2x
2, where Ci ∈ R for i = 1, 2,

(here C1 = 1
2 , C2 = 1

10).
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Equation: x2y′′ − xy′ + y = 0

x

y

f(x)

−5 −4 −3 −2 −1 1 2 3 4 5

−5

−4

−3

−2

−1

1

2

3

4

5

Solutions

General: f(x) = C1x+ C2x lnx, where Ci ∈ R for i = 1, 2,
(here C1 = 1

10 , C2 = −1
2).
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Equation: x2y′′ − 3xy′ + 5y = 0

x

y

f(x)

−5 −4 −3 −2 −1 1 2 3 4 5

−5

−4

−3

−2

−1

1

2

3

4

5

Solutions

General: f(x) = x2 (C1 cos lnx+ C2 sin lnx),
where Ci ∈ R for i = 1, 2, (here C1 = C2 = 1

10).


